A high precision numerical analysis of the static, spherically symmetric SU (2) magnetic monopole equations is carried out. Using multi-shooting and multi-domain spectral methods, the mass of the monopole is obtained rather precisely as a function of β = M H /M W for a large β-interval (M H and M W denote the mass of the Higgs and gauge field respectively). The numerical results necessitated the reexamination and subsequent correction of a previous asymptotic analysis of the monopole mass in the literature for β ≪ 1.
Introduction
It has been found some time ago by 't Hooft and Polyakov [1, 2] that spontaneously broken gauge theories (with a simple gauge group) admit classical solutions with quantized magnetic charge and finite energy. The self-energy (or mass) of these magnetic monopole solutions is well localized at any instant of time, hence they can be interpreted as 'particles'. Furthermore these magnetic monopoles are stabilized by a quantum number of topological origin, corresponding to their magnetic charge. Magnetic monopoles provide a natural explanation of the quantization of the electric charge, and they inevitably arise in grand unified theories. They have been very extensively studied, see the recent monograph of Manton and Sutcliffe [3] for a very detailed description of the zoo of topological solitons, including magnetic monopoles and a bibliography.
An interesting problem for magnetic monopoles (or more generally for particle-like solutions of finite energy) is a quantitative description of their internal structure, their size and their mass in function of the parameters of the underlying theory. Since the equations describing such objects are nonlinear, simple analytic descriptions are rarely available and in most cases one has to resort to numerical techniques (often combined with some analytic methods). The simplest prototype of the 't Hooft-Polyakov monopole arises in an SU(2) gauge theory coupled to a Higgs scalar in the adjoint representation. There are two mass scales in this model, the mass of the vector mesons, M W , and the mass of the Higgs particle, M H . The monopole solution of 't Hooft and Polyakov is static, spherically symmetric and it depends on a single dimensionless parameter, β = M H /M W . An analytic solution is available in the special case β = 0 [4, 5] , for non-zero values of β monopole solutions have been studied mostly numerically e.g. [1, 6, 7] and [3] . In the two limiting cases, β ≪ 1, and β ≫ 1, a combination of asymptotic and numerical techniques [8, 9] have permitted to derive asymptotic expansions for the mass of the monopole as a function of the parameter β.
The aim of this paper is to adapt and test numerical techniques based on combining standard Runge-Kutta integration with multi-domain spectral methods, which latter have been successfully applied for 3 dimensional elliptic problems in Numerical Relativity [10] . Our results demonstrate that one can achieve very good numerical precision for a very wide range of the parameter β, 10 −4 ≤ β ≤ 2 × 10 3 , and we tabulate the values of the pertinent parameters of the solutions to 11 significant digits. By comparing our high precision numerical result with the asymptotic expansion of the monopole mass for β ≪ 1 presented in Ref. [9] M (β) = M 0 1 + 1 2 β + 1 2 β 2 ln β + c 3 β 2 + . . . , c 3 = 0.7071
we have identified a discrepancy for the coefficient c 3 , in that we have found c 3 ≈ 0.4429 from a numerical fit. This discrepancy has led us to reexamine the computation and we have found a computational error in [9] . Moreover we have found the following simple analytic expression for the coefficient c 3 :
We have also determined the first three coefficients of the asymptotic expansion of the monopole mass in the limit β → ∞, confirming and even improving on the previous numerical results of [8] .
We believe that the numerical techniques developed in this paper will prove useful to obtain good numerical precision for a much larger class of nonlinear equations, where simpler methods are not readily applicable. 1 
The Monopole Equations
The action of an SU (2) Yang-Mills-Higgs theory with the Higgs field in the adjoint representation is given as
where a = (1, 2, 3), e is the gauge coupling constant, γ resp. v denotes the coupling of the scalar self-interaction, resp. the vacuum expectation value of the Higgs field. The gauge field strength and the covariant derivative are defined as
The mass of the Higgs, resp. of the gauge field is given by M H = v √ γ, resp. M W = v e. The 'minimal' static, purely magnetic, spherically symmetric Ansatz for the gauge and Higgs fields can be written as
where x a are the cartesian coordinates and r 2 = x k x k . This Ansatz leads to the following reduced action:
where the coordinate r and the function H have been rescaled as r → r ev , H → vH , and
The equations of motion are obtained by varying the action (4), and they can be recast as a non-autonomous dynamical system of the form
where W , U , H and V are now considered as independent phase-space variables. Since the configuration is static, the self-energy, i.e. the mass of the monopole is given by E = −S Y M H , and to simplify matters we shall use the rescaled mass,Ẽ,
Since we shall study in some detail the β dependence of the mass function of the monopole, it will prove useful to compute the derivative ofẼ(β) w.r. to β, and one finds:
where the equations of motion (6) have been used. Equation (7) implies that the mass of the monopole increases monotonically with increasing β.
Let us recall that for the case of a massless Higgs field, i.e. β = 0, the solutions of Eqs. (6) are known in closed form [4, 5] 
which is the celebrated Bogomolnyi-Prasad-Sommerfield (BPS) monopole solution. In fact the BPS solution satisfies the following equations:
the spherically symmetric Bogomolnyi equations [4] , which are much simpler than the original field equations (6) . The (rescaled) mass of the BPS monopole is justẼ(0) = 1.
In the limit β → ∞ the potential energy term in (1) forces the Higgs field to be frozen at its vacuum value almost everywhere (H(r) ≡ 1 ∀r > 0, but H(0) = 0) and the equations of motion (6) reduce to a massive Yang-Mills equation for the limiting solution W ∞ (r)
The mass of the monopole stays finite in this limit, and it is given bỹ
Numerical Techniques
We briefly recall the local behaviour of the functions H and W for r → 0 resp. r → ∞, corresponding to the two explicit singular points of the dynamical system (6a-d). The boundary conditions at these points follow from the requirement of regularity of the solutions, which ensures the finiteness of the energy. One can show that there exists a two-parameter family of local solutions regular at r = 0 given by the expansion:
(as long as β is finite) with free parameters a, b. In fact from the finiteness of the energy (4) alone one can already deduce that
In order to obtain globally regular, finite energy solutions of Eqs. (6a-d) by numerical integration from the origin, one has to suppress the exponentially growing modes present in Eqs.
(6a-d) by fine-tuning the parameters a,b defined at r = 0. To exhibit the exponentially growing modes in the equations of motion for β = 0, we introduce the following new variables
with h = r(H − 1) and v = h ′ , which satisfy the following dynamical system
where
From Eqs. (15) it is clear that h + , W + correspond to exponentially growing modes as r increases, while h − , W − are decreasing modes. Finiteness of the energy requires the absence of the growing modes for r → ∞, i.e. the functions, h + , W + , should tend to zero for r → ∞. This implies that the asymptotic behaviour of H, W regular for r → ∞ is given as
where C H , C W are free parameters determined only by global requirements like regularity at r = 0. Note that for β > 2 the asymptotic behaviour of H is dominated by that of W induced by the nonlinear terms (compare Eq. (17c) with Eq. (27) of Ref. [8] ). For large values of β the two divergent modes, i.e. that of the Higgs field ∼ e βr , and that of W (∼ e r ), are quite different that is we have a stiff system. Let us now sketch the numerical methods we have adapted. Since the locally regular solutions at the singular point r = 0 admit a power series expansion (12) with two undetermined parameters a and b, it is perfectly adequate to integrate the equations (6a-d) from the origin using standard Runge-Kutta methods. Actually, we have implemented an adaptive stepsize fifth-order Runge-Kutta algorithm [11] .
At r = +∞, the locally regular solutions do not admit, however, a power series expansion, therefore we have chosen to use integral equations, which are well suited to deal with such singular points. The solution of the system (15), satisfying the condition (13) is given by the following integrals
for some r m > 0. In order to solve these integral equations numerically we have compactified the 'outer' region, [r m , +∞), by introducing the variable t = 1/r. Then, the interval [0, t m = 1/r m ] is discretized and the solution is obtained by iteration using
as an initial configuration. Our general strategy to find globally regular solutions is to fine-tune a and b together with W − (r m ) and h − (r m ), in order to match the functions W , U , H and V at r = r m .
The above procedure works well and yields accurate results for 10 −2 β 7. For values of β < 10 −2 one has to increase r m more and more to ensure convergence of the iteration of the integral equations (18a-d). This leads to a loss of accuracy, however, mainly due to the increasing length of the integration interval. To overcome this problem we have implemented a suitable version of the 'multi-shooting' method, by introducing some intermediate domains between the inner region (containing the origin) and the external one ([0, t m = 1/r m ]). We have integrated in each domain independently and then performed a global matching to obtain a regular solution by fine-tuning the set of 4 × (m + 1) free parame-
, where m denotes the number of domains. For small values of β, the dominant divergent mode comes from the gauge sector ∼ e r , and the choice of intermediate regions of roughly equal size ≃ 7 has turned out to be adequate.
For large values of β, the situation changes radically, since the dominant divergent mode then comes from the Higgs sector and grows as ∼ e β r . Runge-Kutta algorithms fail to cope with such exponentially growing modes on intervals of size ≫ 1/β. Therefore one should introduce m ∼ β domains for large values of β, leading to a huge increase in CPU time and to potential numerical problems such as instabilities. To overcome this problem we have implemented a simple version of multi-domain spectral methods which are of global nature and are known for their high accuracy, see Ref. [10] for their use in Numerical Relativity. These techniques have turned out to be quite suitable to deal with such exponentially growing modes. In the procedure we have implemented, the values of W + , W − , h + and h − are iteratively computed starting from an initial guess. In each domain we parametrize the solutions by the values of W − and h − at r i and W + and h + at r i+1 in order to control the growing modes during the iteration. We describe briefly some of the basic ideas of spectral methods in Appendix 1.
The two cases, β = 0 and β = ∞, require some special considerations. When β = 0 the asymptotic behaviour of the BPS solution is dominated by the long range interaction of the massless Higgs field and the generic behaviour of H at infinity is
where d 0 , d 1 are free parameters. The suitable combinations in the Higgs sector are then given by
and the BPS solution (8) is obtained by imposing the boundary conditions W + = h + = 0 at infinity. In the limit β → ∞, one has to integrate the massive Yang-Mills equation (10) . Due to the singular behaviour of the Higgs field for β = ∞, the function W ∞ remains differentiable but not C 2 at the origin
The behaviour of W ∞ at infinity is not modified and one has to solve the integral equations (18a-b) with F W (W ∞ , h ≡ 0, r).
Numerical Results
We present the numerically obtained values for the parameters a and b as well as for the energy, E, in Tables 1, 2 and 3. Figures 1 show H and W , while Figure 2 displays the mass function, E(β) for 0 ≤ β ≤ 50. We remark that our numerical data give strong evidence that H resp. W are monotonically increasing resp. decreasing functions of the radial variable, r, for all values of β. We expect that our numerical results for a,Ẽ, are accurate up to 11 significant digits. The parameter b is somewhat less accurate for large values of β: its accuracy is around 9 significant digits. The expectation for the quoted accuracy is based on the stability of the results w.r. to any change of the control parameters of the numerical integration. We shall use our high precision numerical results to extract the asymptotic behaviour of the monopole mass,Ẽ(β) for β → 0 and for β → ∞. We study first the behaviour of the monopole mass for values of β ≪ 1. The analytically known value of the energy for β = 0,Ẽ(0) = 1, provides a good test for the numerical results. In fact we have obtained numericallyẼ(0) = 1.0 to an accuracy better than 10 −11 . As it has been shown in Ref. [9] for β ≪ 1 the monopole mass,Ẽ(β), can be expanded as
To determine the coefficients c i from our results, we have computedẼ(β) for 81 values of β in the range 10 −4 ≤ β ≤ 5 × 10 −4 , and performed a standard least square fit, implementing a χ 2 -fitting routine as described in Ref. [11] . We have first minimized χ 2 to obtain an estimate for the values of the coefficients c i , and then determined the corresponding mean standard deviations, σẼ and σ c i ofẼ(β) respectively of the estimated values of the coefficients c i . This way we have obtained
The values of the coefficients c 0 , c 1 , c 2 are all in good agreement with the theoretical results of [9, 8] . The value, c 3 = 0.41, however, deviates quite significantly from the one found in Ref. [9] , where the value of c 3 = 0.7071 has been quoted. In order to improve upon the precision of the value of c 3 we have also made a fit oñ
i.e. fixing c 0 , c 1 , c 2 at their theoretical values, and moreover we added an extra term, d β 3 ln β, to parametrize the contribution of the unknown higher order corrections. This way we have obtained
a value fully consistent (within 2σ c 3 ) with the one found in Eq. (24). Without the "improvement term", d β 3 ln β, the coefficient in question is given as c 3 = 0.440890±3.4×10 −5 . Being confident as to the correctness of the numerical results, we have been led to reconsider the analysis of Ref. [9] ; this will be outlined in the next section. Next we consider the asymptotic behaviour ofẼ for β ≫ 1. Motivated by the results of Ref. [8] we postulate the following asymptotic expansion forẼ:
Following the same procedure as for β ≪ 1, we have determined the numerical values of the coefficients e −i from a fit on 21 values in the range 1000 ≤ β ≤ 2000 :
e 0 = 1.786658424 ± 1.7 × 10 −10 , e −1 = −2.228956 ± 7.2 × 10 −6 , e −2 = 7.14 ± 1 × 10 −2 , e −3 = −32.7 ± 4.5 σẼ ≃ 3 × 10 −11 .
These results provide some motivation to prove the validity of the expansion (27) by analytic methods. The value ofẼ(∞) (corresponding to e 0 ) has been obtained independently from Eq. (11) and is given in Table 3 . Note the good agreement between these two values. Some comments are in order on the obtained precision for the values of a, b, and on their respective β-dependence. Since for β ≫ 1 the Higgs field rises steeply in an interior region of size ∼ 1/β close to its vacuum expectation value (see also Fig. 1 ), H approaches more and more a step-function as β increases. Hence, in order to numerically integrate the equations near the origin, one has to choose an interior region of size ∼ 1/β. Such a choice enables us to determine the parameter a with a good accuracy. Indeed, H is a linear function of r within some interval [0, C/β], therefore we expect the dominant term of a to be a linear function of β. Indeed, taking
and fitting the coefficients we have found:
for values of β ranging from 1000 to 2000. Related to the above choice for the interior region there is, however, some loss of precision on the value of b. This is due to the fact that W , as opposed to H, changes very little near the origin. We have found that the precision we get for b is only 10 −9 . This loss in precision for the parameter b does not significantly affect the precision obtained for the energy, which is an integrated quantity. Concerning the behaviour of b for large β, we would like to point out that b ′ ∞ as defined in (22) does not correspond to the limit of b as β → ∞. That is why the value b ′ ∞ = 0.4843164140 is absent from Table 3 . Indeed for β → ∞ the parameter b diverges (similarly to a), leading to the r 2 ln(r)/3 term in (22). However, we expect its divergence to be weaker than that of a. We found the behaviour of b to be well approximated by
with σ b ≃ 3 × 10 −9 . We note that the numerical value of the coefficient of the ln β in (31) is quite close to 1/3 which is precisely the coefficient of the r 2 ln(r) term in (22). It is very natural to conjecture that b(β) ∼ (1/3) ln β as β → ∞. 
Asymptotic analysis of the monopole mass
In this section we study the mass of the monopole in function of the mass ratio β = M H /M W for the two extreme cases β ≪ 1 (i.e. near the BPS limit) and for β ≫ 1 (i.e. near the massive Yang-Mills limit).
We present first a calculation of the monopole energy for β ≪ 1 to order β 2 . This computation has been first performed in [9] based on matched asymptotic expansion techniques. The discrepancy between our numerical results presented in Section 4 and those predicted in [9] has led us to repeat the computation of [9] .
It is natural to expand the monopole solution for β ≪ 1 around the BPS solution as H N = H 0 + δH , W N = W 0 + δW and try to determine δH , δW , by linearizing the field equations (6a-d). The small perturbations δH, δW should satisfy regular boundary conditions at the origin. This approximation is valid, however, only in an interval 0 ≤ r ≤ β −α 1 with some α 1 < 1 ('near' region), but breaks down in the 'far' region, r ≫ β −α 1 , where the Higgs [9] the values α 1 = 1/2, α 2 = 1/4 have been chosen for concreteness.) This matching is possible using the remaining free parameters in H N , W N resp. H F , W F after having imposed regularity at r = 0, resp. at r = ∞. We rewrite the field equations (6a-d) introducing the rescaled variable x = β r, which will prove useful in the far region and also for the β ≫ 1 limit:
whereḟ = df /dx. In the far region, x ≫ 1, the field equations (32) decouple since both fields fall off exponentially. H F (x) then satisfies (32b) with W ≡ 0. Expanding H F (x) around the free massive solution as
where A F is the (small) expansion parameter, one obtains a set of linear differential equations for f n (x) which can be solved recursively. To determine c 3 one only needs in fact f 1 (x), which satisfies:f
together with the boundary condition f 1 (x) → 0 as x → ∞. The solution for f 1 (x) is then given as
Now it is not difficult to determine H F (r) in the intermediate region, where x = βr ≪ 1, containing A F as a parameter to be determined order by order in β, 
The above explicit form of B F will not be needed for the calculation of the monopole mass, only the fact that B F does not depend on r.
In the near region it is somewhat more difficult to determine the solution, because the field equations are coupled there. The Green function in the BPS monopole background can be explicitly computed (using the Bogomolnyi equations) see e.g. Ref. [12] . This remarkable fact has been well exploited in [9] to find the solution H N , W N . We omit here the somewhat lengthy computational details, since we basically agree with the results of Ref. [9] , and give directly the final result for the expansion of H N in the intermediate region:
where r < Λ ≤ β −α 1 is a kind of 'cutoff', which can be arbitrarily chosen within the intermediate region, A N (Λ, β) is the matching parameter. We remark that in contradistinction to A F in the development of H F , A N (Λ, β) turns out to depend explicitly on the chosen limit of the intermediate region, Λ. The value of A F is now easily found by matching the r-dependent terms in H F (r), Eq. (36) and in H N (r), Eq. (37), yielding
The value of A N (Λ, β) is then immediately found from the above results. Note the nonanalytic dependence of H F (r) and H N (r) on β = β 2 and the appearance of terms ∝ ln r, ultimately responsible for correction terms of the type β ln β to the monopole mass. Now to compute the monopole mass for small values of β we evaluate first dẼ/dβ (7) from which one easily obtainsẼ(β) integrating w.r. to β. By splitting the integral in Eq. (7) at some matching point r m , such that β −α 2 < r m < Λ,
one can see that to first order in β the two piecesẼ
with H F taken to order A 2 F in Eq. (39). For the details of the computation of dẼ/dβ we refer to Appendix 2. From the result (64) found in Appendix 2 we obtain the development of the monopole mass for small β:
Next we consider the β → ∞ limit, already analyzed in detail in Ref. [8] . As shown in [8] the mass function can be expanded as
The physical interpretation of this expansion is that the Higgs field does not contribute to the energy in the limit β → ∞. Now, to evaluate dẼ/d(1/β) at β = ∞ we take directly the β → ∞ limit of Eqs. (32) which amounts to a 'blow up' of the origin to an infinite interval corresponding to the near region, where W ≡ 1. Therefore the equation for H ∞ is simplÿ
Note that H ∞ corresponds to the interior of a global monopole. In the outside ('far') region (i.e. r > 0), H ∞ ≡ 1 and W ∞ satisfies the massive Yang-Mills equation (10) . The first correction to the mass is of order 1/β, and it is given by
In order to compute this integral, one has to determine H ∞ (x) by numerical integration of Eq. (42). The regular boundary conditions at the origin resp. at infinity are
where a ′ ∞ and B are a free parameters. Note that the behaviour of H(x) as x → ∞ is dominated by an (asymptotic) series in 1/x with all coefficients determined, the free parameter, B, is in the sub-dominant term, e −x /x. The numerical value of the coefficient (43) is found to be
which is in very good agreement with the value obtained from our fit for e −1 . It also agrees with the result found in Ref. [8] . The value of a ′ ∞ = 0.3578262475 agrees also quite well with a 1 in Eq. (30). This is due to the fact that H ∼ a ′ ∞ x = a ′ ∞ β r, therefore a(β) ∼ a ′ ∞ β.
Conclusion
We have illustrated the usefulness of multi-domain spectral methods combined with traditional Runge-Kutta integration to obtain high precision numerical results for the venerable 't HooftPolyakov monopole. As an application we have extracted the asymptotic behaviour of the monopole mass for small and large values of β. Our numerical results for small values of β are in disagreement with a previous result [9] . Repeating the asymptotic analysis of Ref. [9] we have found a simple analytic expression for the monopole mass, which is in full agreement with our numerical results. For large values of β our numerical results agree with those of Ref. [8] .
The Chebyshev polynomials satisfy the following discrete orthogonality relation
Defining the coefficients c j , j = 0, 1, . . . , N − 1 by
the function f matches its polynomial approximation on the collocation points according to
It is interesting to note that the expressions (49) and (50) can be computed numerically using FFT algorithm if N is a power of 2.
For the integration of a system of first order differential equations by spectral methods one needs the primitive. Now, let F be a primitive of f and C j , j = 0, 1, . . . , N − 1 the coefficients of the spectral decomposition of F . It turns out that a very simple relation relates the coefficients C j to the c j
As a primitive of f , the function F has a single undetermined coefficient C 0 . This coefficient has to be fixed by the value of F at some point in the interval. Usually, the value of C 0 is fixed at one of the boundaries of the interval [−1, 1]. Indeed, we have
In this Appendix we present the computation of the pertinent integrals (39) in detail. We evaluate first the contribution to dẼ(β)/dβ from the far region,Ẽ 
To compute the monopole mass to order β 2 in the near region, 0 < r < Λ, H N should be identified with the BPS solution,
H N (r) = H 0 (r) = coth r − 1 r ,
and the contribution to dẼ(β)/dβ from the near region is determined by 
In order to compute the last integral, I 2 (r m ), we consider the following identity
with F (p, x) = e −px x
Now, the first integral of the r.h.s. of (58) to order O(p ln p) is given by 
Note: Equation (6.3) of Ref. [9] corresponding to our Eq. (63) contains an important error. In [9] the value of the constant, C, is given (only numerically) as C = 0.9667, whereas the above analytical result yields C = 3.1599 . . .. We have also verified the correctness of C = 3.1599 by a direct numerical calculation.
